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Abstract. In this paper we describe all gradings by abelian groups without 
elements of order five on the Melikyan algebras over algebraically closed fields 
of characteristic five. 



1. Introduction 

Let A be an algebra over a field F, G a group and Aut A, Aut G the automor- 
phism groups of A and G, respectively. The base field F will always be algebraically 
closed. The field will be of characteristic five when dealing with Melikyan algebras. 

Definition 1. A grading T by a group G on an algebra A, also called a G-grading, 
is a decomposition T : A = A g where each A g is a subspace such that 

[Agi,A g ii\ C Ag/gii for all g' , g" G G. For each g G G, we call the subspace A g 
the homogeneous space of degree g. The set Supp r A = {g G G | A g ^ 0} is called 
the support of the grading. 

For a grading by a group G on a simple Lie algebra L, it is well known that 
the subgroup generated by the support is abelian [5] Lemma 2.1]. If L is finite- 
dimensional and the support generates G we have that G is finitely generated. 

Definition 2. Two gradings A = A g and A = A' h of an algebra A are 

g&G heG 

called equivalent if there exist G Aut A and 9 £ AutG such that ty(A g ) = A' g ^ 
for all g G G. If 9 is the identity, we call the gradings isomorphic. 

Definition 3. Let A = Q) geG A g be a grading by a group G on an algebra A and 
ip a group homomorphism of G onto H. The coarsening of the G-grading induced 
by ip is the H-grading defined by A = @ heH Ah where 

Ah = (J) A g . 

g£G, <p(g)=h 

The task of finding all gradings on simple Lie algebras by finite groups in the 
case of algebraically closed fields of characteristic zero is almost complete — see [10] 
and also [H O [6j [3 [8j OH [11] . In the case of positive characteristic p, a description 
of gradings on the classical simple Lie algebras, with certain exceptions, has been 
obtained in [I], [3]. In the case of simple graded Cartan type Lie algebras, the 
gradings by Z have been described in [T7J . It was shown in [T5] that all gradings by 
groups without elements of order p on the graded simple Cartan type Lie algebras, 
up to isomorphism, fall into the category of what we call standard gradings (which 
are coarsenings of the standard Z fe -gradings). In [TS] the gradings by arbitrary 
groups on the Witt algebra W(l; 1) were described. The gradings on the restricted 
Witt and special algebras have been announced recently by Bahturin and Kochetov 
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in [2] . This paper will deal with the gradings on the Melikyan algebras by arbitrary 
abelian groups with no elements of order five in the case where the base field F is 
assumed to be algebraically closed and p = 5. We use the notation of |17j . 
Our main result is the following. 

Theorem 1. Let L be a Melikyan algebra over an algebraically closed field. Suppose 
L is graded by a group G , the support generates G and G has no elements of order 
5. Then the grading is isomorphic to a standard G-grading. 

The correspondence between the gradings on an algebra by finite abelian groups 
of order coprime to the characteristic p of the field and finite abelian subgroups 
of the automorphisms of this algebra is well known. Using the theory of algebraic 
groups, this extends to infinite abelian groups. Namely, a grading on an algebra 
L = © geG L g by a finitely generated abelian group without elements of order p 

gives rise to an embedding of the dual group G into Aut L using the following 
action: 

x*y = x(g)y, for all y e geG, x e G. 

We will denote this embedding by r\ : G — > Aut L, so 

(i) v(x)(y) = x*y- 

Lemma 1. Let G, H be groups, A an algebra and <j) : G — > H be a group ho- 
momorphism, F : A = @ geG A g be a G-grading and T : A = Q) heH Ah be the 

H -grading defined by A^ = © geG h=4>{g) ^g- Then rj^(H) C T)r(G) where the ho- 
momorphisms rjr : G — > Aut A and rfc : H — > Aut A are defined by (Qp with respect 
to the gradings T and T respectively. 

Proof. Let H- For y 6 A g we have rj r (x)(y) = x(4>{g))y since A g C A^ g ). Let 
C : G — > F x be the map defined by ((g) = xi&id)) f° r an ffCG. Then 

C(5iff2) = X(<t>(9i92)) = X(4>(gi)<t>(92)) = X(<t>(9i))x((t>(92)) = C(ffi)C(52) 
for all 31,52 G G. Hence ( G G. Furthermore, for all y G A g we have 

vr(x)(y) = x{4>{g))y = C{g)y = vr(0(y)- 

Hence r^ix) E vr{G). □ 

Lemma 2. Let G, H be abelian groups without elements of order p, A an algebra 
r : A — © geG A g be a G-grading and V : A = (§) heH Ah be an Li-grading such that 
the groups are generated by their support respectively. Lf tj^(H) C ?]r(G) then T is 
a coarsening of the G-grading where rfp(H) and r/r(G) are defined by (QJj. 

Proof. The eigenspaces of i]-p(G) and rfp(H) are A g and Ah respectively for all 
g G Supp r A and h G SupppA Since rj^(H) C ?7r(G) we have that for any 
g G Supp r A the eigenspace A g of r/r(G) is contained in some eigenspace Ah of 
?7p(-ff) for some h G Suppp^4 where h depends on g. Let <f> : Supp r A — > SupppA 
be the map defined by <f>(g) = h for g G Supp r A where h G SupppA and A g C Ah- 
The map 4> extends to a homomorphism of G onto H since A g A g i C A gg i and 
Ah A^ C Ah h' by the property of gradings and the groups are generated by their 
supports respectively. Then T is a coarsening of F. □ 
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If L is finite-dimensional, then Aut L is an algebraic group, and the image 77(G) 
belongs to the class of algebraic groups called quasi-tori. Recall that a quasi-torus is 
an algebraic group that is abelian and consists of semisimple elements. Conversely, 
given a quasi-torus Q in AutL, we obtain the eigenspace decomposition of L with 
respect to Q, which is a grading by the group of characters of Q, G — X(Q). 

In this paper, L is a Melikyan algebra M(2;n), where n — (ni,n 2 ) is a pair 
of positive integers — see the definitions in the next section. Unless it is stated 
otherwise, m is a positive integer and n — (rti, . . . , n m ) is an m-tuple of positive 
integers. We denote by a and b some m-tuples of non-negative integers and by 
k, I some integers. 

2. Melikyan Algebras and Their Standard 
Gradings 

In this section we introduce some basic definitions, closely following [17l Chapter 
2]. We start by defining the commutative algebras 0(m;n) and the Witt algebras 
W(m;n) which we will use to define the Melikyan algebras when m = 2. 

Definition 4. Let 0(m;n) be the commutative algebra 

0{m;n)~\ a(a)x {a) \ a(a) e F 

[o<a<r(n) 

over a field of characteristic p, where r{n) = (p ni — 1, . . . ,p n " 1 — 1), with multipli- 
cation 

x (a) x (b) = ( a + b ) x (a+b) 



fa + b\ {\ fa,. + bi 
where = 

V a / 7=1 V a i 

For 1 < i < m, let := (0, . . . , 0, 1, . . . , 0), where the 1 is at the i-th position, 
and Xi := x^ . 

There are standard derivations on 0(m;n) defined by di(x < -- a ^) — x^- a ~ Ei ^ for 
1 < i < m. 

Definition 5. Let W(m;n) be the Lie algebra 

W(m;n):=l ^ fA \ e 0(m;>, 

[ l<i<m 

with the commutator defined by 

[fd ll gd j ] = f(d l g)d j - g{d j f)d i , f,g G 0(m;n). 

The Lie algebras W(m;n) are called Witt algebras. W(m;n) is a subalgebra of 
Der 0*(m;n), the Lie algebra of derivations of 0(m;n). 

From now on the base field F is algebraically closed and its characteristic is 5. 
We set W(2;n) = 0{2\n)d 1 +0{2:n)d 2 - We define the map div : W(2;n) -> 0(2; n) 

by 

div(/i3i + f 2 d 2 ) := drift) + d 2 (f 2 ) 
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for all /i, f 2 £ 0(2;n). Also set 

A<9i + / 2 9 2 := fidi + f 2 d 2 

for all fx, / 2 6 0(2;n). 

Definition 6. Le£ M(2;n) := 0(2; n) 8 VK(2;n) 14^(2; n) 6e tfte a^e&ra w/iose 
multiplication is defined by the following equations. For all D <E W(2;n), E G 
W(2;n) and f,fi,f 2 ,g\,g 2 € 0(2; n) we se£ 

[D, £] := [D^E] + 2 div(D)i?, 
[£>,/] :=£)(/)- 2 div(D)/, 

[/,£] :=/^ 

[/i,/ 2 ] := 2(/ift(/ 2 ) - f 2 di(fi))d 2 + 2{f 2 d 2 (h) - f 1 d 2 (f 2 ))d 1 . 

[fidi + f 2 d 2 ,g\di + g 2 d 2 ] := fig 2 - f 2 g x . 
We call M(2;n) i/ie Melikyan algebra. 

The algebras 0(m;n), W(m;n), M(2;n) defined above have well known canon- 
ical Z-gradings. 

Definition 7. Let A = 0(m;n), W(m;n) or M(2;n). 77ie canonical Z-grading of 
A, 

A = @ = {ye A \ deg A {y) = i}, 

is defined by declaring their degrees, deg , deg w and deg M , respectively, as follows: 

deg G (a; (a) ) := a i H ha m , 

deg lv (x (a) a i ) := aH h a m - 1, 

deg M (x( a )90 := 3deg^(x( Q )d 4 ), 

deg M (a>)^) := 3deg^(x( a )a 4 ) + 2, 

deg M (x< Q )) := 3de go (x( a ))-2, 

for < a < r(n). TTie canonical filtration of A, is defined by declaring — 
(£)Ai. 

j>i 

Note that W(2;n) = ieZ M 3l . 
Lemma 3. Let Ym '■ M(2;n) = ^(ai,o 2 ) w ^ ere 

(a a 2 )6Z 2 

M 3(oi , a2 ) := Span{x( a +^)a 2 1 1 < % < 2} 
M (3oi ,3o 2 )+i : = Span{x( a +^)a 4 1 1 < i < 2} 

M (3aii3a2) _i := Span{x( a )}. 
The decomposition above is 1? -grading on M(2;n). □ 
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Remark 1. The support of the Z 2 -grading Tm does not generate Z 2 . The support 
generates the subgroup G = ((3z + j,j) \ i,j G Z) which is isomorphic to Z 2 . Hence 
we can define a Z 2 -grading for which the support generates Z 2 . Let 4>m '■ Z 2 — > Z 2 
defined by M ((1,O)) = (3,0) and </> M ((0,l)) = (1,1). If we set L a = M^ m(o ) for 
a G Z 2 i/ien Ta/ : M(2;n) = (B a ez 2 £ a «s a 1? -grading since 4>m(^ 2 ) = G. Also 
since Lr_i \ = Mi_% _ ) = Span{<9i} and Lm-i) = -^(-l.-i) = F we have that the 
support of the Tm grading generates Z 2 . 

Note that the grading in Lemma[3]is a coarsening of the Tm grading. By Lemma 
[T]we have that ?7p M (Z 2 ) C rjY M {1> 2 )- We will mainly work with the grading Tm 
and get results for Tm- We will show that rfp (Z 2 ) is a maximal abelian subgroup 
of AutM(2;n) which implies that 77p M (Z 2 ) = r^, (Z 2 ). 

Definition 8. We call the Z 2 -grading Tm in- Remark[l\the standard Z 2 -grading on 
M(2;n). Letdeg TM (y) anddeg(y) be the degrees of 'y with respect to the 1? -gradings 
T m and Tm respectively. 

Remark 2. The canonical IL-grading is a coarsening of the Z 2 -grading Tm from 
Lemma\Q and hence a coarsening of the standard Z 2 -grading Tm- Explicitly, 

Mi= M {aua2 y 
ai+a2—i 

Definition 9. Let G be an abelian group and ip : Z 2 — > G a homomorphism. The 
decomposition M(2;n) = ® g6 G-Mg, given by 

M g = Sp<m{y e M(2;n) | V >(deg rM {y)) = g}, 

is a G -grading on M(2;n). We call such decomposition a standard G-grading 
induced by p> on M(2;n). We will refer to a standard G-grading induced by p as a 
standard G-grading when ip is not specified. 

The grading Tm on M(2;n) gives rise to a quasi-torus ?7p(Z 2 ). We will show 
later that rpp M (Z 2 ) is actually a maximal torus. Let t a := t\ x t^ for all t = (ti, ta) £ 
(F x ) 2 and a(t) := t x t 2 . We define A : (F x ) 2 ->■ Aut M(2;n) where 

\{t)x^dj := t 3a - 3ei x^di 

X(t)x<- a ^ := t 3a a(t)- 1 x < ^ a \ 

For any element y in Mt ai a2 \ of the grading Tm we have X(t)(y) = t a y which is 
the same as saying X(t)(y) = t dcs< - v 'y. 

Lemma 4. A is a homomorphism of algebraic groups. 

Proof. We start by showing that for t G (F x ) 2 we have X(t) G Aut M(2;n). Lemma 
Ogives us that deg([y, z\) = deg(y) + deg(z) when y, z are homogeneous elements. 
For homogeneous y, z we have 

X(t)([y,z]) = f c ^ y ' z V[y,z] = t de ^ +des ^[y,z] = ^de g fe)^dc g ( z ) ^ ^ 

= [A(Q(i/),AQ0W]i 

Hence A(t) G AutM(2;n). 
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Now wc show that A is a homomorphism. Let s, t G (F x ) 2 and y be a homoge- 
neous element. Then 

Mst)y = (st) dcsiy) y = s dcs(y h dcs(v) y = s dcgfo) X(t)(y) = A (s) (A (£)(?/)) 

which shows that A is a homomorphism. 

It is obvious that A is a rational map and it is a homomorphism. □ 

Let T M ■= A((F X ) 2 ). The kernel of A is {{h,t 2 ) G (i^ x ) 2 | if = 4 = 1, ht 2 = 1}. 
Since the kernel is finite and A is a regular homomorphism we have that Tm is a 
torus. 

Lemma 5. The torus Tm is rfc (Z, 2 ). 

Proof. First we show that t] Tm (Z 2 ) C T M . Let x G Z 2 and x((L 0)) = h G F x and 
X«0, 1)) - t 2 G F x . For V G M (oi)0a) we have 

*7r M (x)(y) = X((ai,a2))y = x((ai,0))x((0,a 2 ))y 

= x((l,0))°^((0,l)) O3 2/=(ti ! t2) des(!/) y = A((t 1 ,t 2 ))(y). 

Hence r^ M (x) G 2m and we have t] Tm (Z 2 ) C T m . 

Now we show that T M C 77^ (Z 2 ). For t = (h,t 2 ) G (F x ) 2 let x* : Z 2 -> F x be 
the element of Z 2 defined by Xt(°) = t a for all a G Z 2 . For y G M Q , a 6 Z 2 we have 

A(£)(y) = f y = xi(a)y = VrJxtJiv)- 

Hence X(t) G r^ M {I?) and we have Tm C ttj^Z 2 ). □ 

The following proposition shows that if we want to know more about the quasi- 
torus 77(G) up to conjugation by an automorphism of M(2; n) then we should look at 
the normalizer of a maximal torus in AutM(2;n). This follows from [16| Corollary 
3.28]. 

Proposition 1. A quasi-torus of an algebraic group belongs to the normalizer of a 
maximal torus. □ 

In Section [3] wc will show that Tm is a maximal torus of Aut M(2; n). This leads 
us to look at the normalizer of the restriction of Tm on W(2;n) in Aut VF (2; 72). 
Using that the automorphisms of W(2;n) can extend to AutM(2;n) (- see [T2"] ) 
we can then extend the information of the normalizer in Aut 1^(2; n) to get the 
normalizer of Tm in Aut M(2;n). 

The goal of Section 3 is to show that if G has no elements of order five then 77(G) 
is always contained in a maximal torus. 

3. The automorphism groups of Melikyan algebras 

The automorphism group of M(2; n) respects the canonical filtration on M(2; n) 
(- see proof of |T3l Theorem 4.7]). Also [12] says that any automorphism of W(2; n) 
can be extended to an automorphism of M(2;n). 

We start by looking at a maximal torus of Aut W(2;n). Let 

T w := {4, G Aut W{2;n) \ ^(x [a) d k ) = t^t^t^x^ d k , t 3 G F x }. 

According to [El p. 371], Tw is indeed a maximal torus of W(2;n). 

Let Aut w M(2;n) = {* G AutM(2;n) | ^(W{2; n)) = W{2;n)} and 
7r : Autw M(2;n) —> Aut W(2; n) is the respective restriction map on 
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Autw M(2; n). Since Tm = Vp M (Z 2 ) with respect to the Z 2 -grading Tm on M(2; n) 
and W(2;n) is a graded subspace of this grading we have 
T M C Aut w M(2;n). 

Lemma 6. The restriction of Tm to W(2;n) is Tyy- 

Proof. We start by showing Ty/ C tt(Tm)- For any ip G Tyy we have a pair (si, S2) G 
(F x ) 2 such that tp(x^di) = s^ 1 s^ 2 s' 1 x^ di. For any element it of F x there is at 
least one element v such that t> 3 = u because F is algebraically closed. Hence there 
exist t\ and i 2 in F x such that if = Si and t\ = s 2 . Computing A(i) on x^di we 
get 

A(i)(a? (o ^) = if^trV^ = sj's^: 1 ^^,. 

This shows that ip = 7r(A((ti,i2))) G tt(Tjw) and we have Tvk C tt(Tm). 

The inclusion tt(Tm) C IV is obvious. □ 

The kernel of tt on T M is {A(t) £ T M if = tjj = 1}. 

Lemma 7. Lemma 5] If 9 G Aut^y M(2; n) is smc/i iftoi 7r(9) = Idw then for 
y G Mi, i GZ, i/iere exists a /3 such that Q(y) — /3 l y where (3 3 = 1. □ 

We now fix (3 to be a primitive third root of unity and set := A(/3 2 , f3 2 ). Note 
that 9 G T M - 

Corollary 1. Let * and <f> fee elements of Aut w M(2; n). If = 7r($) i/ien 

i/iere exists an I such that < I < 2 and ^ = <f>0' . 

Proo/. If 7r(*P) = 7r($) then 7r($ _1 5') = Idw By Lemma[7]we have <i> _1 * = 6 ; 
for some < I < 2. □ 

Corollary 2. If * G Autw Af(2;n) is smc/i i/iai 7r(*) G TV i/ien W G T M . 

Proof. Lemma [5] shows that there exists $ G Tm such that 7r(W) = 7r(<&) and 
Corollary [TJ says that * = $9' for some 1 < I < 2. Hence * £ T M . □ 

In order to describe the normalizers in Aut W(2; n) and Aut M (2; n) we introduce 
the automorphism u of 0(2;n) that induces an automorphism cr of W^(2;n) and 
finally we extend a to AutM(2;n). For n — (ni,ri2) we define a := (02, ai) for 
a = (ai,a 2 ) G Z 2 . Let ni = n 2 . The linear maps v and cr of 0(2; n) and VF(2;n) 
respectively, defined by v(x^) := x a and cr(D) := vDir 1 for x' a ' G 0(2; n), and 
all F> G W(2;n). 

Lemma 8. For n\ — n 2 , i/ie maps v and a are automorphisms of 0(2; n) and 
W(2;n) respectively. 

Proof. It follows easily from |17[ Theorem 6.3.2] that v is a continuous automor- 
phisms of 0(2;n) (which are in Aut 0(2; n) as the name implies). It follows from 
[171 Theorem 7.3.2] that conjugating an element D of W(2;n) by a continuous au- 
tomorphism ip of 0(2; n), D M- ip o £) o is an automorphism of W(2;n) and 
hence cr G Aut W(2;n). □ 

Lemma 9. [15] The normalizer ofTw in Aut W(2;n) is Tw if ni 7^ n 2 andTw(o~)2 
if n\ = n 2 - 

The following follows from the first paragraph on p. 3920 of |12) . 
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Proposition 2. For every automorphism tp ofW(2;n) there exists a ipM ofM(2;n) 
which respects W(2;n) and whose restriction to W(2;n) is ip. □ 

By Proposition [2] there exists a o~m 6 AutM(2;n) which respects W(2;n) and 
whose restriction is a. We fix this om- 

Now we can prove that Tm is a maximal torus in Aut M(2; n). Let £7^ = (%) 
when ni = n 2 and identity otherwise. 

Proposition 3. The normalizer of Tm in AutM is TmUm- 

Proof. In 12, p. 3921] it is stated that we can decompose ^ G AutM as the 
product of NI/ = where fi G Aut M(2; n) are such that for all i 6 Z we have 

$(y) € j/ + M( i+ i), for y e Mi, 

n(M<) - Mi. 

Let \P G A^AutM(2;n)(^M)- Then we will show that $ = Wm- 

Let 1/ G Mi be a nonzero eigenvector of Tm. Since ^ £ A AutM ( 2; „)(Tj\/) we have 
is an eigenvector. The eigenspaces of Tm are the M( 0li02 ), where (ai, a 2 ) G Z 2 . 
Remark [2] gives us that ^(y) G Mk for some k G Z. Now we use the decomposition 
of * = $0. We have fi(y) = w G M, since fi(Mj) = Mj for all Z. 

(2) ¥(») = $n(y) = $(tu)eu; + M (i+1) . 

Since ii)/0 the calculations above show that ^(y) G M^) and ^(y) ^ M(j + i). 

The intersection of M& and M(j) = © • >i Mj is zero if fc < i. Since &(y) G M(j) 
by © and ^ *(y) G M fe we have ft > i. Since *(y) ^ M (i+1 ) by © and 
■0(y) G Mfc we have k < i. Hence k = i. We have shown that ^(M,) = M, for all «. 
Hence $ = Id M . Since W(2;n) = © ieZ M 3i we have #(W(2;n)) = W(2;n). We 
conclude that if * G A?Aut M(2;n) (Tm ) then \1/ preserves the standard Z-grading of 
M(2;n) and that 7r(*) G A Aut h , (2 .„)(Tv V ) since 7r(T M ) = TV (Lemma |6j). 

According to Lemma [H Nx u tw(2;n)(Tw) = Tw when ni ^ n 2 and TV (a) if 
ni = n%. By Corollary[2] the set of automorphisms of M(2; n) which when restricted 
to W(2;n) are in TV is Tm- Form = n 2 , Corollary[T]says that if ^ G Aut^ M(2; n) 
and 7r(4 r ) = pa, where p G Tw then there exists a S G Tm such that tt(H) = /? and 
* = Scr M e' for < I < 2. The automorphism 8 is in T M since 6 = X((3 2 ,/3 2 ). 
Hence, N Aut 

M(2;n) (Tm) C TmUm- 
Conversely let * G Aut w M(2;n) such that 7r(*) G A r Aut»'(2;n)(%)- Then 

7r(*A(t)* _1 ) = 7r(*)7r(A(i))7r(1')" 1 G TV 

By Corollary [2 we have that vPA^)* -1 £ T A / and hence it follows that * g 
NAutM(2-,n)(TM) ■ Since for m = n 2 we have 7r(cr m ) = cr G iV Aut w(2 ;2 ) (Tw) and it 
follows that <jm G Nx ut M(2;n)(TM)- We have shown that 

T M Um C N AutM (2-n)(TM)- 

□ 

Corollary 3. TTie centralizer of Tm in AutM(2;n) is Tm- Moreover, Tm is a 
maximal torus and Tm = ^r M (Z 2 ). 

Proof. The centralizer of Tm is contained in the normalizer of Tm ■ By Proposition 
[3l the normalizer of Tm is in Autw M(2; n). This implies that if \1/ G Autw M(2; n) 
and , J is in the centralizer of Tm then 7r (\E r ) must be in the centralizer of tt(Tm) = 
Tw (Lemma [6|). Since Tw is a maximal torus and (for ni = na) <x ^ TV we have 
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that <7 is not in the centralizer of Tw- Hence om is not in the centralizer of Tm- 
We have shown that the centralizer of Tm in Aut M(2;n) is Tm and that Tm is a 
maximal torus. ^ 

By Lemma[T]we have Tm = T ?r M (^ 2 ) C ?7r M (Z 2 ). Since ?7r M (Z 2 ) is abelian and 
contains Tm it must be in the centralizer of Tm which is Tm- O 

Proposition 4. Let Q be a quasi-torus in AutM(2;n). There is an automorphism 
* G AutM(2;n) such that ^Q^- 1 C T M . 

Proof. By Proposition [I] Q is inside the normalizer of a maximal torus. Up to 
conjugation we can assume Q C N AutM (2;n){TM)- Then Q must preserve W(2;n) 
since N Aut M (2-n)(TM) = TmUm (Proposition [3]). Let Q' = tt(Q). It follows that 
Q' C A^ AutW /(2 ; „)(7 1 vi/). In [15] it is shown that there exists a tp G Aut W^(2; n) such 
that ipQ'^^ 1 C TV. Proposition [2] says that there is $ G AutM(2;n) such that 
tt(*) = V- Hence ^(^Ql^ 1 ) = V^QV" 1 C T w . Since tt^Q^- 1 ) C Tw, Corollary 
[2] give us that ^Q*" 1 C T M . □ 

We can now prove Theorem [TJ 

Proof. Let L = M(2;n). Suppose r : L = © 9eG i s is a G-grading where G is a 
group without elements of order five. Without loss of generality, we assume that 
the support of the grading generates G. Let ijr : G Aut L be the corresponding 
embedding and Q = ijr(G). Then by Proposition 2] there is a VP G AutAf(2;n) 

such that ^Q^- 1 C T M . Recall that by Corollary [3] that T M = rjr M (Z?). It 
follows from Lemma [2] that L = Q) geG L' g , where L' g — 'i'(Lg), is a coarsening of 
the standard Z 2 -grading Tm which is isomorphic to the original grading. □ 
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